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Abstract. 

The objective of the article is to treat the Schrodinger equation in parallel with 
a standard treatment of the heat equation. In the mathematics literature, the heat 
equation initial value problem is converted into a Volterra integral equation of the 
second kind, and then the Picard algorithm is used to find the exact solution of 
the integral equation. The Poisson Integral theorem shows that the Poisson integral 
formula with the Schrodinger kernel holds in the Abel summable sense. Furthermore, 
the Source Integral theorem provides the solution of the initial value problem for the 
nonhomogeneous Schrodinger equation. Folland's proof of the Generalized Young's 
inequality is used as a model for the proof of the lemma. Basically the Generalized 
Young's theorem is in a more general form where the functions take values in an 
arbitrary Banach space. The , LP and the L°° lemmas are inductively applied to 
the proofs of their respective Volterra theorems in order to prove that the Neumman 
series converge with respect to the topology LP{I] B), where / is a finite time interval, 
B is an arbitrary Banach space, and 1 < p < oo. The Picard method of successive 
approximations is to be used to construct an approximate solution which should 
approach the exact solution as n — > oo. To prove convergence, Volterra kernels are 
introduced in arbitrary Banach spaces. The Volterra theorems are proved and applied 
in order to show that the Neumann series for the Hilbert-Schmidt kernel and the 
unitary kernel converge to the exact Green function. 
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1. Introduction 

This article is based on a portion of my master thesis [1]. The central problems and 
theorems of the thesis are summarized in this article . The books of the Rubinsteins |2] 
and Kress [3] show how the heat equation is converted to a Volterra integral equation, 
which is then solved by the Picard algorithm. In this article we shall show that the 
Schrodinger equation has similar properties and results as the heat equation such as the 
Poisson Integral Theorem and the Source Integral Theorem. The similarities between 
the Schrodinger equation and the heat equation were used to create a theoretical 
framework which will give the solution to the Schrodinger problem. As much as 
possible, we use the books [21 [3] as guides to treat the quantum problem like a heat 
problem. However, the parallel between the heat equation and the Schrodinger is found 
to be a limited one, and we use the potential theory formalism that Kress laid down 
in his book in order to study the existence, and uniqueness of the solution of the 
Schrodinger equation. The differences between the heat operator and the quantum 
operator require different proofs for the uniqueness theorems, the Source Integral 
Theorem and the Poisson Integral Theorem. For example, the Poisson integral formula 
with the Schrodinger kernel is shown to hold in the Abel summable sense. In the 
harmonic potential theory, the problem is similarly reduced to an integral equation, 
but the integral equation is not of Volterra form and therefore the Neumann series 
does not converge automatically. One can put in a numerical parameter j3 so that 
the series converges when |/3| < 1, but the value one needs for the PDE problem has 
\f5\ = 1. In the elliptic PDE problem such as Laplace's equation, Helmholtz equation, 
or Poisson equation, to prove convergence it is not enough to have the Banach-space 
operator having finite norm; the norm must be less than unity. The norm must be 
less than unity, because one needs to bound the norm by the geometric series, not the 
exponential series. Therefore, the Neumann series is not used to prove existence of a 
solution; instead, the Fredholm theory is used to prove existence more abstractly. 

The Source Integral Theorem is formulated in terms of the source integral term 
and the initial integral term. The Poisson and the Source Integral theorems for the 
Schrodinger equation are introduced in section |2l The initial value problem can be 
expressed as a Volterra integral equation of the second kind with respect to time. Our 
main task is to use the method of successive approximation in order to prove that there 
exists a unique solution to the integral equation. In section |3l the article focuses on 
linear integral operators in arbitrary Banach spaces. In section HJ the article introduces 
the Volterra kernels and applies the Neumann series to give an approximation to the 
exact solution. FoUand's proof of the Generahzed Young's inequality is used as a model 
for the proof of lemma |8] . In section HI we introduce lemma |6] and lemma [7] in order 
to prove the L°° Volterra theorem and the Volterra theorem, repsectively. Then in 
each Volterra theorem, we inductively apply the appropriate lemma to prove that the 
Volterra integral operator can be solved by successive apprximations. In particular, we 
work with Volterra integral operators Q that go from L^(/; B) to itself, where 1 < p < oo. 
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These Volterra integral operators Q are assumed to have uniformly bounded kernels 
such that A: B ^ B. Furthermore, we only consider kernels A{t, r) which are Volterra 
kernels in time. Then the Volterra theorem proves that Volterra integral equation with 
a uniform bounded kernel can be solved by successive approximations with respect to 
the topology L°°{I]B). The Volterra theorem proves the more general case when 
LP{r,B), and where 1 < p < oo. In section [5], the article covers two specific kernels, 
the Schrodinger kernel and the Hilbert-Schmidt kernel. In the Schrodinger case, the 
perturbation expansion series contains a unitary operator and a uniformly bounded 
potential, and we prove that the Neumann series converges. 



2. The Poisson Integral and Source Integral Theorems 

The wavefunction \l'(x,t) of a nonrelativistic particle in R" is a solution to the 
Schrodinger equation 

H^{x,t) = ihdt'^{x,t) (1) 

where H is the Hamiltonian, given by 

H = Ho + v = + y (x, t) = -|^A, + y (x, t). (2) 

The kinetic operator T = -^P^, is also known as the free Hamiltonian Hq in 
nonrelativistic quantum mechanics. The complex-valued function is the 

wavefunction, and |\E'(2:, t) p represents a particle density function. First, we will consider 
the case when there is no potential, i.e, V{x,t) = 0. Therefore, the free Schrodinger 
equation becomes 

ihdt-^ix, t) = -a2A^^(x, t) (3) 

where 

= — . (4) 

The general abstract Schodinger equation can be realized in several concrete situations 
such as boundaries, weak potential (where perturbation works), slowly varying 
potentials (where WKB theory works), and this article is a start on a program dealing 
with those cases. 

The Schrodinger operator and its complex conjugate can be rewritten as 

L = a^A^ + ihdt (5) 

and 

L* = a^A^-ihdt. (6) 

Then the adjoint operator of L is 

L'^ = L = a^A^ + ihdt (7) 

with respect to the usual inner product and the imposed homogeneous boundary 
conditions. In other words the Schrodinger operator L is formally self-adjoint. An 



Convergence of the Neumann series for the Schrddinger equation in Banach spaces 4 



important difference to notice is that the heat operator is not formally self-adjoint 
because the time derivative term changes sign. 

The nonhomogeneus Schodinger equation with nonhomogeneous initial data is 

Lu{x, t) = a^A^u{x, t) + ihdtu{x, t) = F{x, t) V(x, t) G M" x M 

u{x, 0) = f{x) V(x, t) G M" X {t = 0} 

where F{x, t) is a source term. In order to get an integral equation for the problem with 
a potential V{x,t), we will later replace the source term F{x,t) by the potential term 
V{x, t)u{x, t). 

The initial-value problem for the nonhomogeneous Schrodinger equation (j8]) with 
nonhomogeneous initial conditions can be reduced to the analogous problem with 
homogeneous initial condition by using the integral representation 

u{x,t) = ^{x,t) +Il{x,t) (9) 

where u{x, t) is the solution of the nonhomogeneous problem, t) is the source term, 
and Il{x,t) is the Poisson integral term (initial term). The Poisson integral term and 
the source term can written as 

n(x, t) = e-^*^/V(^) = / Kfix, y, t)f{y) dy (10) 

and 

^{x,t) = [ e-'^"'^e'^"'^'Lu{-,T)dT = [ [ Kf{x,y,t-r)Lu{y,T)dydT (11) 

Jo Jo JM" 

where Kf{x,y,t) is the fundamental solution (free propagator) to the Schrodinger 
equation (|3]) in M", and is given by 

Kf{x,y,t)^Kf{x-y,t)=[^J /2r.t Vx,2/GM",t^0 (12) 

The free propagator in this case can be expressed in the following manner Kf{x, y,t — T). 
The free propagator Kj vanishes as a distribution as t — )■ in the region x ^ y. In other 
words, the free propagator Kf{x, y,t — T) satisfies the nonhomogeneous initial condition 

Kfi^^ 0) = lim Kf{x, y,t-T) = 5{x-y) (13) 

I— >r+ 

The following theorem introduces the Poisson integral, which is a solution of the 
Schrodinger equation without a potential term. Our discussion of the Poisson integral 
is somewhat more detailed than that of Evans [5], especially concerning the role of Abel 
summability. 

Theorem 1 Let f{x) be a function on M" such that (1 + \y\^)f{y) G L^(]R"). Then the 
Poisson integral 

u{x,t) = Kj*f=[ Kf{x-y,t)f{y)dy (14) 

exists in the sense of Abel summability, and is a solution of the equation 

Lu{x,t)=a^A^u{x,t) + ihdtu{x,t) = V(x,t)GM"xM. (15) 
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with given initial data. The Poisson integral defines a solution of the free Schrddinger 
equation in M" , Vt 7^ 0, even t < 0. This solution can he extended into R" x [0, 00) with 
the initial condition u{x, 0) = f{x) for all points x at which f is continuous. 

Proof: If \y\^f{y) G L^(]R"), then the order of differentiation and integration in 
the equation ( fT4l) can be interchanged to show that the Poisson integral solves the 
Schrodinger equation. This hypothesis is obtained from Chapter IV of [5]. Let 
y = X + 7^, where 7^ = then we can rewrite the Poisson integral as 

u{x,t)=( — ] / e'\'\ f{x + -iz)dz (16) 



\x-y\ 

mY'^u{x,t)= ! S'\'f{x + ^z)dz = h + h + h, (17) 



where \z\ = ^ ^ . Let e be any positive number. Then 



where 



h = ! (^\'\\f{x + ^z)-f{x)}dz. (18) 

J\z\<e 

e'\'\'f{x + -fz)dz (19) 



e'^'^'fix) dz (20) 



z\<e 



Now, we do some calculations for Ji in hyperspherical coordinates (p, 0i, . . . , 0ri_i). The 
continuity of / : R" R" at some point y G M" implies that V77 > 35 > such that 
\/x G R" with |a; — y| < 6 implies that 1/(2;) — f{y)\ < rj, and x, y are points where / is 
continuous. Given e, choose 7 such that e = •ye < 6, and let r/ > 0, then there exists a 
t so small such that \f{x + 72;) — f{x)\ < rj for all z such that \z\ < e. Therefore, by 
continuity, we obtain the following bounded estimate: 



<7] dz (21) 

'\z\<e 



or 

<r] dz^O (22) 

J\z\<e 

as 'y\z\ — )■ (i.e., y — j- x) as t — )■ 0. Then since, / G L-'^(M") 

I/2I < / \f{x + yz)\dz^O (23) 

J\z\>e 

(not necessarily uniformly in x) as e — )■ 00. In order to handle I3 we use the Fresnel 
integral formula 

e'\^\'dz = (7rz)"/2 (24) 
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A proof of the one- dimensional Fresnel integral formula is outlined on [6j. The one- 
dimensional Fresnel integral implies the product version 

e'\'\'dz= I exp(iYzl)dz = Y\ I e""^ dzk = TT(^^)'^' = (^^)"^' (25) 



dz = expu ^ -2fc) = JJ^ / e*""* dzk = Y\ 

^ k=i ^ k=J-^ k=i 



Therefore, we have 

lim h = {TiiY'^fix). (26) 

Then we consider computing the Fresnel integral in terms of polar coordinates instead 
of Cartesian coordinates. Thus, we can rewrite the equation fl25l) by 

f i*oo f 1*00 

/ e'l^l' dz= / e'^V""' dpdn = Un p'^'^e"'" dp (27) 

JK" Jo JdB{0,l) Jo 

Then we make use the substitution t = p"^, and hence we obtain 

e*N^rf2 = ^ rt'^-'e^'dt (28) 
2 Jo 

Then we insert the Abel factor e~"* in the equation fl25]) and this gives 

A{a) = ^ / e-"*r-^e'* dt (29) 
2 Jo 

and Un is the surface area of the unit n-sphere. The surface area of the unit n-sphere is 
given by the following formula: 

27r''/2 

The complex Gaussian integral (also known as the Gaussian Fresnel integral) can be 
generalized for any positive integer, i.e., the Gaussian integral is a special case of 
Jq°° x"e~^^ dx, when n = 0. The general Gaussian integral will be shown to be convergent 
when n G N: Consider the complex integral 

POO 

Pn= s^'-^e''" ds (31) 



where |2;| = s = -^^^^ = ^. Let t = s^, and substituting this change of variables into 
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equation (133!) we have 
Pn = ^ 



oo 

m it 



re** dt (32) 



where, m = and hence. 



2 

"OO 







t™e** dt = lim / t™e** dt (33) 

r^oo 

Once again, the change of variables t = iz is performed and we have 

p—ir 

t^e'Ut = i / {izre-'dz (34) 
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Then we insert the Abel factor e into the left-hand side of equation fl34l) and this 
gives 



^m^-at^^t^^^■ / (iz)"" e-'""' e'' dz (35) 
'0 Jo 
Then the path of integration is shifted from to —zoo, to to oo. Therefore, 

p—ir pr 

lim i / (iz)'"e-"^e-^ dz = lim z / {iz)"'e-'''e-' dz (36) 



The integral in (136|) is convergent for any positive a > 0, and the integral over the 
semicircle at oo tends to 0. In order for the above limit to hold, the path of integration 
[iz)'"^ must not go over a branch cut. Thus, if the integrand does not have any poles in 
the path of integration, then the integral in equation ( !33l) is Abel summable and it is 
related to the gamma function r(m + 1). The integrand in equation ( 136|) is an analytic 
function, and thus it does not have any poles or branch cuts in the path of integration. 
In other words. 



r— >oo 



f oo 

lim i I (iz)'"e-'""e-" dz = i"'^' I z'^e-'^^e"^ dz (37) 
" 'o Jo 



Then, we take the limit of a — )■ 0, and the above equation becomes 

POO POO 

limz"^+^ / 2™e-^""e-" = z^+i / z'^e-' dz (38) 
"^0 Jo Jo 

and this limit holds in the Abel sense, and we take = e*'^'^/^)'". Thus, 

P„ = -z-+^r(m+l) = ^r(-) (39) 

and hence, 

A(0) = £eWd. = ^^r(^) (40) 

This confirms equation fl2^ in an alternative way. 

This implies the continuity of u{x,t) at t = 0. Therefore, the Poisson integral has 
the initial values u{-, 0) = f{x) for all points x at which / is continuous. □ 
The proof of theorem |2] is partly based on [7]. In [7], the authors construct an 
abstract lemma for a function i/jlt) that belongs to the domain of the operator H, 
and approximately solves the Schrodinger equation in the following sense 

= Hm + m (41) 

where F{t) is a source term. In our case, we want to prove that there exists a function 
u{t) that is the exact solution to the same Schrodinger problem with the difference that 
H = Hq = — a^A. The other difference is that we are trying to prove that the solution 
can be expressed a Volterra integral equation of the second kind. 

All throughout this article the letter / will denote the time interval (0,T), where 
T is a positive constant. In theorem [2l we will define the L°°{I] B) norm of a function 
u to be 

\\u\\l--(I;B) = inf{M > : \\u{t)\\B < M, holds for almost all t G [0,T] } (42) 
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where i3 is a Banach space. For a more formal and general definition of the norm 
look at definitions ©-([5]). 

Theorem 2 Let f{x) he a function on with the following property: (1 + \y\^)f{y) G 
L-'^(]R"). Furthermore, suppose the source term F{x,t) satisfies the condition 

\\F{;t)\\<m (43) 
where || ■ || «s a Banach space norm and the function ^{t) satifies the following condition 
mL-ii) < M (44) 

where M and T are positive constants. The solution of the initial-value problem for the 
nonhomogeneous Schrddinger equation ^ can be represented as the following integral 
formula: 

u{x,t) = ^{x,t) +Il{x,t) (45) 

The initial term, and the source term are given by the following integral representation 
formulas: 

U{x,t)= f Kj{x,y,t)f{y)dy (46) 

and 

^x,t) = -'-f [ Kf{x,t;y,T)F{y,T)dydT (47) 

where, Kf{x, t; y, r) is the fundamental solution and u{x, 0) = f{x). The solution u will 
belong to the Banach space L°°{F, B). 

Proof: Suppose that f{x) be a function on with the following property: (1 + 
\y\'^)f{y) ^ -^^"'^(M"). Let us assume t > 0. The Poisson integral term was shown to 
solve the initial-value problem for the homogeneous Schrddinger equation. Let u{x, t) 
be the solution to the nonhomogeneous Schrodinger equation ([8]). Then we claim that 
solution u{x, t) can be expressed as a Volterra integral representation 

u{x,t)= [ Kf{x,y,t)f{y)dy~l [ [ Kf{x,t;y,T)F{y,T) dydr (48) 

In other words, we claim that the solution for the nonhomogeneous Schrodinger equation 
is given by 

u{x,t) = Uh{x,t) + Up{x,t) (49) 

where is the solution of the homogeneous Schrodinger equation, and Up is the 
particular solution of the nonhomogeneous Schrodinger equation. Then by the Poisson 
integral theorem, the function Uh is the solution of the homegenous Schrodinger equation 
and hence Luh = 0, V(x,t) G x M. Then by applying the Schrodinger operator to 
u{t), we have 

Lu = Lur, = —a AxUr, + in—;:— = 

ot 



[ A^Kf{x,y,t)f{y)dy + ih-^(-^ [ [ Kf{x,y,t - T)F{y,T) dydr 



(50) 
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but AxKf{x, y,t — t) = 0, Wt > r, and hence 

Lu = Lup = -^(^J^ J Kf{x, y, t - r)F(?/, r) dydr^ 

= [ Kfix,y,t-t)Fiy,t)dy= [ Kf{x,y,0)Fiy,t) dy (51) 

5{x-y)F{y,t)dy= F{x,t) 



and hence the solution u{t) is given by the Volterra integral ( HHj) . 

Now, this equation should satisfy the initial condition u{x, 0) = /(x). This implies 
that the second term should vanish as t — > 0. 

Another way to express equation ( HSj) is via unitary operators. Hence, 

e-^tH/hf^^^ r ^-^nin^iruihp^^-^ ^ ^^^^ ^52) 
Let us consider the following integral, 

-ifr^ [ e'^"I^Lu{T)dT (53) 
Jo 

and since Lu = —aAu + ih^, we can rewrite the above equation in the following way 
-ih-' £ e'^^'/'-'LuiT) dr = -ih-' e*^^/'' (-aA«(r) + ^^^^) dr 

= -ih-^ f e'^^'/'i-Huir) + zh^] dr 

Jo V ^ ^ drJ (54) 

= y* |.(^_e-^/\(r)) dr = -e**^/^(t) + u{Q) 

= u{0) - e^'^'/^uit) 
Then, we can rewrite the above equation into the following form: 

u{t) = e-'*^/'^u(0) - ih-\~''"'^' f e'^"'^Lu{T) dr (55) 



and this is the Volterra integral equation f HHi) written in unitary operator notation. 
Let us take expression e~**^/''ii(0) — u{t) into consideration. This expression is 
simply the source term $(a:,t). Then we take a Banach space norm to the quantity 
e~**^/''u(0) —u{t), and by the unitarity of the propagator and the fundamental theorem 



of calculus, we have 



|$(t)|| = \\e-''''/''u{0) - u{t)\\ = ih-'e''''/^ f e'^'''''Lu{T)dT 

Jo 

< h-^ [ \\Lu\\ dr < h-^ [ Cir)dT 
Jo Jo 



(56) 



since by hypothesis we have that \\Lu\\ < ^{r). Hence, 



\m\\ = \\e-''''/''uiO)~um < h-' / ||elU^(/)rfr 

Jo (57) 

<h-^m\L^ii)t 
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Then by taking the hmit of t — )■ 0, the above inequahty also goes to 0. The Poisson 
integral term n(x,t) satisfies the initial condition by theorem [TJ Therefore, the 
Volterra integral equation ( HHl) satisfies the initial condition and is a solution to the 
nonhomogeneous Schrodinger equation. □ 

3. Integral Equations and Neumann Series 

In this section, we introduce the integral operators in arbitrary Banach spaces in order 
to find a solution to the Schrodinger equation in ]R"+^. This section is an informal 
preview of the Volterra and General Volterra Theorems which will be proved in section 
m In the following analysis of integral operators, this article will use as a foundation 
Kress's treatment of linear integral equations [3J. In operator notation, the Volterra 
integral equation of the second kind is written in the following manner: 

<P-Q<p = f (58) 

where it is assumed that Q is a bounded linear operator from a Banach space B to 
itself and (p, f E B. The existence and uniqueness of a solution to an integral operator 
equation can be found via the inverse operator {I—Q)~^, where / is the identity operator. 
The existence of the inverse operator will become clear below. 

Definition 3 Let BL{B; B) he the collection of hounded linear transformations from B 
into B. Also, we denote the space BL{B,W) as the set of hounded linear functionals on 
B, where ¥ = {R,C}. 

Important Banach spaces which we will be dealing with are the Lebesgue spaces Lp{^)- 
This article will cover the case when p = oo, in order to create bounded estimates of 
the Volterra operator Q with respect to the norm || ■ ||. In the next section, the Volterra 
Theorem will prove that the spectral radius of the Volterra operator is zero using the 
L°°-estimates. 

Definition 4 Let {Q, S, /z) he a measure space and B he a Banach space. The collection 
of all essentially hounded measureahle functions on Q taking values in B is denoted 
L°°{Q, B) , and the reference to /i is omitted when there is no danger of confusion. 
The essential supremum of a function ip: Q ^ B is given hy 

||'y5||L°°(f7;B) = inf{M > : \\ip{x)\\B^i3 < M holds for almost all x}. (59) 

If (f does have an essential hound, then it is said to helong to L°°{Q;B). 

Definition 5 Let Bi and B2 he Banach spaces and Q he some measurahle space. Suppose 
that the function A{-, ■) is measurahle, and define its norm 

\\A{x,y)\\is,^is, = mf{M > : \\A{x,y)c/>\\ < M||0||,V0 G B,} (60) 

// Bi = B2 = B, then we use the following notation for the Banach space norm of 
A{x,y): 

\\A{x,y)\\ = \\A{x,y)\\ts = inf{M > : \\A{x,y)(f>\\ < M||0||,V0 G B} (61) 
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For each {x,y) ^ Q x Q let A{x, y) : Bi ^ B2 be a bounded linear operator with norm 

\\A\\L^^n^.B,^B,) = inf{M > : \\A{x,y)\\ < MJor almost all {x,y) G n''} 
= esssup(^.^)gf^2||A(x,2/)||ij,^f5, (62) 

and A{-, ■) is called a bounded operator kernel if ||^||L°c(Q2.g^^g2) finite. 

In Section [2] we have reformulated the Schrodinger equation as an integral equation of 
the second kind. The existence and uniqueness of its solution can be found by analysis 
of the Neumann series. The successive approximations 

0n+l = Q4'n + f (63) 

converge to the exact solution of the integral equation (l58i) . if some technical conditions 
are satisfied. Otherwise, the successive approximations may not converge even for the 
Volterra operator, e.g. if its kernel is not good enough or the interval is infinite. 

The above integral equations are given for an arbitrary Banach space B that will 
be used in Picard's algorithm of successive approximation. Then, equation fl63l) is 
converging to the solution (p if the following conditions are satisfied: 

1) the integral operator Q is a bounded linear operator in the Banach space B. 

2) the function / belongs to a Banach space B, 

3) and finally, the infinite series ip = ^°lo Q'^ f ^ convergent series with respect to the 
topology of in time and of B in space. 

If these three conditions are satisfied, then it is possible to use the Neumann series 
to obtain the exact solution to the original problem, which is the initial value problem 
of the Schrodinger equation with a potential term V{x,t). The three conditions turn 
out be the necessary hypotheses to prove the Volterra and Volterra theorems. 

4. Volterra Kernels and Successive Approximations 

In this section we will revisit the method of successive approximations. Our main 
theorem will prove the well-known fact that the Volterra integral operator of the second 
kind has a spectral radius of zero. This direct proof is not found in [3] , where the logic 
runs in the other direction. That is, our proof of the Volterra and General Volterra 
theorems will not use the spectral radius to prove that the Neumann series converges. 
The Volterra operator is known to have a nice property, known as the simplex structure. 
It is the simplex structure which make the infinite Neumann series converge. Then it 
follows from the convergence of the Neumann series that the spectral radius is zero. 

Now, we focus our attention to four hypotheses which will be used in lemma [6] and 
lemma [7] . Lemma [6] will be inductively applied in proving the Volterra theorem. 
Similarly, lemma M will also be inductively applied to the L'^ Volterra theorem. The 
following are the four hypothesis that are needed for lemmas [6], [71 and [8] : 

1. ) Let B he a. Banach space, and let / be an interval. 

2. ) Assume that V(t, t) eP, A{t, t) : B ^ B. 

3. ) Suppose that the kernel A(t,T) is a measurable and uniformly bounded linear 
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operator (in the sense of definition 6) . 

4.) Finally, let A{t, r) satisfy the Volterra condition, A{t, r) = if r > t. 

In theorem ini we have that VL = I = (0,T), and the Lebesgue space is L°°{r,B), 
i.e. p = CO. And for theorem [TOl Q = I, and the Lebesgue space we consider 
is L^{T,B), where p = 1. Lemma |6] and lemma [7] are needed to conclude that 
||Q'/'||lp(/;Z3) < -Dt||0||LP(/;B) for D > and t G [0,r], where p = 1 and p = oo. Finally, 
lemma[8]is needed in theorem [TT] to conclude that < ^(p)^II^IUp(/;B) where 

M{p) = ^jTTF ! ^ ^ [0) T] and 1 < p < oo. In the lemmas EHU n is any real positive 
number. 

Lemma 6 Let the Volterra integral operator, Q : L°°{T, B) — ?■ L°°{r, B), be defined by 



A(t,r)0(T) dr 



A(t,r)0(r) dr, 



(64) 



where (j) E B. Let (j) G L°°{I;B), and assume that 3C > , for each subinterval J of 
the form (0,t), such that \\4>\\l°°{J;B) = ^'^Po<T<t \\'t'{'T)\\ ^ Ct". Assume that hypotheses 
(l)-(4) are satisfied. Then it follows that \\Q(j)\\L°°{j,B) ^ ^n+i^ ■ 

Proof: Since A{t, r) satisfies definition 6, then 3D > such that V(t, r) G P, 
\\A{t, t)\\<D <oo. The L~(J; B) norm of the function Q(p{t) is 



\m\ 



L°°iIt;B) 



sup 

ti<t 



A(t,r)(/)(r) dr 



< sup 

ti<t Jo 



< sup 

ti<t Jo 



tl 



sup DC— — 

ti<t n + 1 



P(t,r)|| l|0(r)||dr<sup 

ti<t Jo 



||A(t,r)0(r)||(ir 



(65) 



n + 1 



□ 



Lemma 7 Let i/ie Volterra integral operator, Q : L^{I]B) — ?■ L^{I]B), be defined by 



A(t,r)(/)(r) dr 



A(t,r)0(r) dr, 



(66) 



where (p G B. Let (j) G i^"'^(/; -B), and assume that 3C > 0, for each subinterval J of the 
form (0,t), such that 

U\WiJ;B)= fmT)\\dr<Ct- (67) 

JQ 

Assume that hypotheses (l)-(4) are satisfied. Then it follows that \\Q4>\\l^{j,b) ^ ^n+i^ ■ 
Proof: Since A{t, r) satisfies definition 6, then 3D > 0, such that V(t, r) G P, 
\\A{t, t)\\<D <oo. The L^{J; B) norm of the function Q(f){t) is 



L^{J;B) 



A(t,r)0(r) dr 



dti < 



JO 



< 



< 



D 



tl 



DCtI dti 



r)|| drdti < 
n + 1 



D 



||A(t,r)|| mr)\\dr 

L^{J;B)dti (68 
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□ 

The proof of lemma [8] uses FoUand's proof of Young's inequality as a model[9]. 

Lemma 8 Let the Volterra integral operator, Q : L*'(J; B) — t- L'P(J; B), be defined by 

Q(t>{t)= f Ait,T)<PiT)dT= [ T)0(r) c/r, (69) 







where (j) E B. Let (j) G L^i^L] B), where 1 < p < oo, and assume that for each subinterval 
J, 3C > such that 



LP{J;13) 



'dr]'" KCf". (70) 



Assume that hypotheses (l)-(4) o,re satisfied. Then it follows that \\Q(P\\lp{j,b) < 



CD 



[p(n+l)]i/p ■ 

Proof: Suppose 1 < p < oo , and let q be the conjugate exponenet (p^^+g^^ = 1). Since 
A{t,T) satisfies definition 6, then 3D > 0, such that V(t, r) G P, \\A{t,T)\\ < D < oo. 
The Banach space norm of the function Q(p{t) is 

WQmW < f r P(ti,r)||)dr)'^V r \\A{t„T)\\ mr)rdT]'^" 



<D'/^[J dr) (y DUirWdr) < D^/'^D^'H'^' [j ||0(r) rdr) (71) 



i/p 



and then we raise both sides to the pth power and integrating, we see by Fubini's theorem 
that 



\\Qmwdt,< j DHr j wmvdrdt.K d^j^ ti^'mUj.,s)dh 



< 



j^p ct';"^"^'' dti < D^Cn^^'^ (72) 

Jo ~ np + £ + l ^ ^ 

j^np+p/q+l 

< DP CP 

np + p 

since ^ = 1 — ^, and hence | = p — 1. Now we take the p-th root, and this yields 

fn+l/p+l/q j.n+1 

\\Q<P\\lp(j-b) < DC^, = DC— — — = DC— — — (73) 

" " [p(n + l)]Vp [p(ra + l)]i/p [p(ra + l)]Vp ^ ^ 

□ 

The following theorem is the main theorem of [1]. It is also used in the examples 
of section m The General Volterra Theorem is s just a variant of the Volterra Theorem, 
i.e., it is the L^'-analogue. 

Theorem 9 (L'^ Volterra Theorem) Let I = (0,T) such that < T < 00. Assume that 
the kernel A{t, r) is a measurable and uniformly bounded linear operator. Furthermore, 
assume that V(t,r) G P, A{t,T) : B ^ B where B is a Banach space. Suppose that the 
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kernel satisfies the following condition, A{t, r) = 0, when r > t. The Volterra integral 
operator, Q : L°°{I; B) — )■ L°°{T, B), is defined by 

Q^{t)= [ A{t,TMT)dT= [ A{t,TMT)dr, (74) 
Jo Jo 
where (p E B. Then, the Volterra integral equation with the kernel A{t,T) can he solved 

by successive approximations. That is, the Neumann series converges in the topology of 

L°°(J; B). 

Proof: Let L°°{J', B) be the Banach space with norm || ■ \\l°°{J;B), where J = (0, t) and 
where < t < T. Assume that hypotheses (l)-(4) are satisfied. Then by definition 6, 
3D > such that V(t, r) G P, \\A{t,T)\\ = D < oo. 

Suppose the function ipQ : J ^ L°°{J;B) is a bounded function with norm 
||V'o||l°°{J;B) = suPq<^<^ ||'0o(''")||- Then by lemma O it follows that the norm of ipoi't) 
satifies the following condition, ||V'o||l°°{J;B) < Nt^ = N, since n = 0. Then, we compute 
L°° norm estimates for the following equation: 

\\'^i\\l^{J;B) = II WolU-(J;S) = sup / A{ti, t)'iI:q{t) dr 

ti<t Jo 

rti rh 

<sup/ P(t,r)|| ||^/;o(r)|| (ir < sup / DN dr = DNt 

ti<tJo ti<tJo 

and if = ||'0o||l°°(J;B)5 then if follows that 

||Wo||l-(J;B) < D Wtpoh-- {J ■,B)t. (75) 
Then by inductively applying lemma [6l we see that the nth term of the Neumann series 
i/jn gives the simplex structure: 

||^n||L-(J;B) < ^"||V'o||L°°(J;i3)^ (76) 

Therefore the series J2'^=o majorized by 



^o|U°°(J;B) + ||'0o||L°°(J;e) ^ j— = || "00 || L°° ( J;i3) ^ 



n=l n=0 



= ||V^o||Loo(j;B)e^*. (77) 

and the above estimate holds for all t G (0, T]. Therefore, the Neumann series converges 
in the topology of L^{T,B). □ 

Theorem 10 (L^ Volterra Theorem) Let I = {0,T) such that < T < oo. Assume 
that the kernel A{t,T) is a measurable and uniformly bounded linear operator(in the 
sense of definition 6). Furthermore, assume that W(t,T) G P, A{t,T) : B ^ B where B 
is a Banach space. Suppose that the kernel satisfies the following condition, A(t, r) = 0, 
when T > t. The Volterra integral operator, Q : L^{T, B) — )• L^{I] B), is defined by 

Qip{t)= [ A{t,T)ip{T)dT = [ A{t,T)if{T)dT, (78) 



where ip E B. Then, the Volterra integral equation with the kernel A{t, r) can be solved 
by successive approximations. That is, the Neumann series converges in the topology of 
L\I-B). 
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Proof: Let L^{J;B) be the Banach space with norm || ■ where J = (0,t) and 

where < t < T < oo. Suppose the function i/jq : J ^ L^{J', is a bounded function 
with norm 

\mLHJ;B)= [\\Mr)\\dT (79) 
Jo 

Define the Volterra integral operator in the following way, 

Q(Pit)= f A{t,T)<j){T)dT, (80) 

Jo 

where (p E B. Suppose that V(t, r) G P, A{t, r) : B ^ B is a. measurable and 
uniformly bounded operator . Then by definition 6, 3D > such that V(t, r) G P, 
\\A{t, t)\\ = D < oo. Furthermore, A{t, r) = when t > t. Then by lemma [HI it follows 
that the norm of i/jo{t) satifies the condition ||V'o||Li(j;e) < = since n = 0. Then, 
we compute norm estimates for the following equation: 



-'i||Li(.^;e) = II Wo||Li(^;e) 



ti 



\\QiPo\\lUJ;B) = / / A{ti,T)'lpo{T)dT 







dti 



</ / \\Ait,,T)\\\\Mr)\\dTdt^< / D\\Mr)\\drt, (81) 
Jo Jo Jo Jo 

< [ DUoWmmdti <DN [ dti = DNt 
Jo Jo 

where ti < t and if = ||'?/'o||li(J;B)) then if follows that 

\\QMlhj;B) < D\\i;o\\LHJ;B)t. (82) 

Then by inductively applying lemma |6l we see that the nth term of the Neumann series 
ipn gives the simplex structure: 

\MLHJ;B)<D^yj0\\LHJ;B)^_ (83) 

Thus the series Yl'^=o is majorized by 

\\MW{J;B) + \\MW{J;B)Y.^''- = \\MLHJ;B)e''' (84) 

n=l 

and the above estimate holds for all t G (0, T]. Therefore, the Neumann series converges 
with respect to the topology L^{I; B). □ 



Theorem 11 (L^ Volterra Theorem) Let I = (0,T) such that < T < oo. Assume 
that the kernel A{t,T) is a measurable and uniformly bounded linear operator (in the 
sense of definition 6). Furthermore, assume that V(t, r) G P, A{t,T) : B ^ B where B 
is a Banach space. Suppose that the kernel satisfies the following condition, A{t, r) = 0, 
when T > t. The Volterra integral operator, Q : L^(/; B) — t- L^(/; B), is defined by 

Qip{t)= [ A{t,T)ip{T)dT= [ A{t,T)ip{T)dT, (85) 

Jo Jo 
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where (p E B. Then, the Volterra integral equation with the above kernel A{t, r) can 
be solved by successive approximations. That is, the Neumann series converges in the 
topology of L^^T, B) . 

Proof: Let L^{J;B) be the Banach space with norm || • ||lp(J;B)5 where J = (0,t) and 
where < t < T < oo. Suppose the function ipQ : J ^ Lp{J; B) is a bounded function 
with norm 

\\MLHJ;B)={j\\MrWdry' (86) 

Define the Volterra integral operator in the following way, 

Q(P{t)= I A(t,r)0(r)rfr, (87) 

where (p E B. Suppose that V(t, r) G P, A(t, r) : i3 — t- i3 is a measurable and 
uniformly bounded operator . Then by definition 6, 3D > such that V(t, r) G P, 
\\A{t, r)|| = D < oo. Furthermore, A{t, r) = when t > t. Then by lemma [3, it follows 
that the norm of i{jo{t) satifies the following condition, ||'0o||lp(J;23) < Nt^ = N, since 
n = 0. The Banach space norm of the function Qil^o{t) is 

\\QMti)\\ < ( r \\A{t„T)\\)dry^U r \\A{t„T)\\ WMrWdr''^" 



' vo 

*i \ 1/q / \ 1/p 



<D'/''(^J^' drY'f^J^' DWMrWdT 

Raising both sides to the pth power and integrating, we see by Fubini's theorem that 

r WQMtiWdt, < f DH\'' r U,{TWdTdh < f t\'mJorLvn.B)dti 
Jo Jo Jo Jo 

ft +p/q I 1 

<DP NHl'" dti < D^NP p 

Jo + 1 



(89) 

< D^NP 

P 

where ti < t. Now, taking the pth root, we obtain 

^l/g+l/p 

\\QMLnm<DN—^ = -^t (90) 
and if = ||'0oIUp(J;B)) then if follows that 

\Wo\\LnJ;B) < ■^\\M\Lv{J;B)t (91) 

converges with respect to the norm || ■ ||lp. Then by inductively applying lemma [TJ we 
see that the nth term of the Neumann series ipn gives the following result: 

(92) 



P 
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Thus the series J2'^=o majorized by 

\\M\Lnm + WMWm J] , .^/^ (93) 

n=l ^ ^ '' 

Now, we investigate whether the Neumann series are convergent. The ratio test will be 
used to determine whether the infinite series converges or diverges. Let L be defined in 
the following manner, 

L = hm ^ (94) 
In this case, a„ = ||V'n||LP(j;S), and a^+i = ||V'n+i||LP(J;B)- Since ||^„||lp(J;B) is always a 



positive number, the absolute values in equation ( ]94l) can be removed and we obtain 



n— >oo 



||^n|Up(J;B) [(n + l)!]VP ||^o||LP(J;i3)M(p)«t" ^g^^ 

= M{p)t lim - = 

where, M(p) = Thus L = < 1, and by the Ratio Test theorem, the Neumann 
series converges absolutely. Therefore, the Neumann series converges in the topology of 
LP{I-B). □ 



5. Applications of the Volterra Theorem 

In this section, we will present several different types of applications of theorems [9] 
and [ini The first example is classical and the second example is the unitary quantum- 
mechanical example. The closest example to quantum mechanics is example 2 where 
the spatial operator is a unitary operator. Each example presents two versions, 
corresponding to the Volterra and U Volterra theorems, respectively. The following 
examples are not new and are well-known in the literature. These examples serve as 
quick applications of the Volterra theory presented in section |5l with serious applications 
delayed to later papers 

Let I be an interval in the temporal dimension such that / = (0,T) for some 
T > 0. In the following examples, the time interval / will always be the same time 
interval (0,T). Furthermore, let L"'™'(/;M'^) be the Banach space of U^{W^) functions 
over /. Thus we will define the Lebesgue space L"'™'(J; W^) as 

L"'"(/;M'^) = : \4>{y,T)rdy\^'^ dr)"^ = Uh^,^^,,^^) < oo}. (96) 



If m and n are equal, then the Lebesgue space L'"'^{I; M ) will be written as -L"(/; M ). 
5.1. Example 1 

Case: Let the Banach space B be L^(R") and consider a bounded integrable (e.g., 
continuous) real or complex- valued kernel A(t,r), satisfying the Volterra condition in 
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{t, t). The Hilbcrt- Schmidt kernel is a function K : x — )■ F on the space variables, 
where F — {C,M}. The norm of the Hilbert-Schmidt kernel is given by 

(/ \K{x, t;y, T)\'dxdyy^^ = \\K{t,T)\\L2(^2^)<N <oo (97) 

The hncar operator A{t,T) is defined on L°°{P), and A{t,T) is a Hilbert-Schmidt 
operator. Then the Hilbert- Schmidt operator A(i, r) : L^(]R") L^(M") is given 

by 

A{t, T)<f>{t) = / K{x, t- y, T)<l>{y, r) dy V<^ e L^''{I; W) (98) 

It follows that the operator A{t, r) is bounded. The function K{x, t; y, r) belongs to 
L~'^(/^; M^"). Then we take the absolute values of A{t,T)(p{t) and we obtain 

\A{t,T)<f>{t)\< f \K{x,t;y,T)my,r)\dy 

<([ \K{x,t;y,T)fdyY\ [ |0(y, r)|2dy)'^' (99) 

and hence, 

||^(t,T)0(t)||L2(Rn) < ||K(t,r)|U2(R2„)||(/)(r)|U2(Kn) < iV 1 1 (/)(r ) 1 1 ^2 (M») (100) 

with 

Therefore by the L°° Volterra Theorem, the Volterra integral equation with a Hilbert- 
Schmidt kernel K{x,t;y,T) e L°°'^(J^; R") can be solved by successive approximations. 

5.1.1. Case: Now we will provide an example for the Volterra Theorem. The 
difference between this example and the previous one is that the Lebesgue space in time 
is L^{I) rather than L°°{I). We will assume the same hypotheses for the Volterra kernel 
A{t, t) and the kernel K{x, t; y, r) as in the L°° case. Thus, 

P(t,T)0(t)|U2(Kn) < D||(/>(r)|U2(Mn) (102) 

and hence, 

P0|Ul(7;R")< / D||0(r)|U2(K„)rfT = D||0|Ul.2(,.Mn) (103) 

Jo 

Thus, we have shown that the norm of A{t,T)(f){t) is bounded, and hence 

||V'|Ul(^;lR") ^ / -O||0||Ll,2(7.]Rn)(iT = L'||0||Ll.2(7;R«)t (104) 

Therefore by the Volterra Theorem, the Volterra integral equation with a Hilbert- 
Schmidt kernel in space and a uniformly bounded kernel in time can be solved by 
successive approximations. 
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5.2. Example 2 

5.2.1. L°° Case: Let V{x,t) be a bounded potential, and x G M". The potential V 
may be time-dependent, but in that case its bound should be independent of t (i.e., 
V G L°°(/;M"), with || V^||Loo(/.Rn) = C). Let the Banach space B be the Hilbert space 
L^(M"'). Recall that the solution u{t) is given by the Poisson integral formula 

uit)= [ Kf{x,y,t)hiy)dy (105) 

where Kf{x,y,t) = (47rit)^"/^e*'^~^'^/'^*, is the solution of the free Schrodinger equation 
with initial data u{x,0) = h{x) in L^(]R"'). 

It is well known that Uf{t,T) is unitary, and hence the norm of Uf as an operator 
from L^(R") to itself is ||C/j(t, r)||i2(]K2n) = 1. A proof that the operator Uf{t,T) is a 
unitary operator can be found in [5l Ch.4]. We wish to solve the Schrodinger equation 
with the potential V by iteration. The Volterra integral equation is given by 

U{x,t)+i [ U{t-T)V{T)u{T)dT = Uf{x) (106) 

Jo 

where, 

U{t - T)V{T)u{r) = [ Kf{x, t; y, T)V{y, r)u{y, r) dy (107) 

Hence, the Volterra theorem applies. 

In theorem El take B = L^{W), A = UV as defined in equation (fTOTl) . It remams 
to check that UV is a bounded operator on L^(R") with bound independent of t and r. 
Here V{t) is the operator from L^(M"') to L^(M'^) defined by multiplication of f{y,T) 
by V{y,r), and ||1^(t)|| is its operator norm. But 

linr)/(r)||i.(M.)= / \V{y,T)f{y,r)\'dy 

<C' [ \f{y,r)\'dy = C'mT)\\l,^^„y (108) 

Therefore, 

||V(r)/(r)|U2(i,„) < C||/(r)|U2(Mn) V/ G L'{R-). (109) 

In other words || V"||ioo(7-.]8n), the norm of the operator V{t) < C = \\V\\Lo^(i-^r,-), is the 
uniform norm of the function V{x, t). Therefore, 

||f/(t,T)l^(r)/(r)|U2(K.) < C||/(r)|U2(i,„). (110) 

and the operator norm of A = UV is bounded by ||f/(t, r)V"(r)||2,2(i5n) < C. Then, 

A{t,T)f{T)= [ K{x,t-y,r)f{y,r)dy= [ Kf{x,t;y,r)V{y,T)f{y,T)dy (111) 
Jr" Jr" 

Therefore, we obtain the following L°°'^ norm estimate for Qf = SVf: 

||V^||l°°.2(/;R") = ||5'V^/||l°°.2(/;R") < C\\f\\Loo,2(^j.^n)T (112) 
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where 

m = SVfit) = f U{t, r)V{r)f{r) dr (113) 







Thus we have verified all the hypotheses of the Volterra Theorem, and we conclude that 
the solution of the Schrodinger equation with potential V is the series (p = Yl'^=o ''Pni 
where iljQ{t) = f{t) = U{t,T)h{x), and where h{x) is the initial data. 

5.2.2. Case: Now we will consider an application for the Volterra Theorem. The 
difference between this example and the previous case is that the Lebesgue space in time 
is L^{I) rather than L°°{I). We will assume the same hypotheses for the functions V 
and / as in the L°° case. Thus the norm of the potential function V and / is shown to 
be bounded and the inequality is given by 

\\V{T)f{T)\\L.^^n) < C||/(r)|U2(n,„) V/ e H. (114) 

Then, we take the norm with respect to the time variable and we obtain 

II V/|Ul,2(J.Mn) <C [ ||/|U2(Kn) dr = C 1 1 / 1 (115) 

Also, the operator A(t, r) = U{t,T)V{T) is bounded by \\U {t,T)V{T) Wi^Rn-^ < C. Thus, 
we have shown that the norm of V f is bounded, and hence 



rt r-t r-ti 

ii,2(j.Kn) = / ||V'('r)||L2(R")<iT= / / U{ti,T)V{T)f{T)dT 

Jo Jo Jo 



dti 



t rt 



JO 



< / \\U{t,T)V{T)\\L2^Rn^\\f{T)\\L^J^n^dTdt 



1 



< 



(116) 

/ C\\f{T)\\L2(9.r^)dTdti= I C||/||Li,2(/.]R„)(iti 

Jo Jo 

= C'||/||li.2(7;M")^ 

where ti < t. Therefore by the Volterra Theorem, the Volterra integral equation with 
a unitary operator in space can be solved by successive approximations in the topology 
Ll'2(J;M'^). 



6. Conclusion 

The similarities between the Schrodinger equation and the heat equation were used to 
create a theoretical framework which will give the solution to the Schrodinger problem. 
The L°° Volterra theorem proves that Volterra integral equation with a uniformly 
bounded kernel can be solved by successive approximations with respect to the topology 
L°°(/;i3). The Volterra theorem proves the more general case when Lp{I;B), and 
where 1 < p < oo, but it does not prove the special case when p = 1. As it turns out, the 
p = 1 case is also proven by inductively applying the lemma. Thus, the Volterra 
theorem proves that the Volterra integral equation with a uniformly bounded kernel can 
also be solved by successive approximations with respect to the topology L^{I;B) 
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In future work I shall apply the Volterra theorem in contexts more complicated than 
the simple examples presented here. Preliminary work on these applications appears in 
Chapters 8 and 9 of the thesis [1]. First, I hope to implement an idea due to Balian and 
Bloch [4j| to use a semiclassical propagator to construct a perturbation expansion for a 
smooth potential V{x^ t). The solution of the Schrodinger equation is given in terms of 
classical paths, and the semiclassical propagator Ggd = Ae^^^^ to the Green function is 
considered as the building block for the exact Green function [4j . To prove convergence 
of the resulting semiclassical Neumann series under suitable technical conditions, in [H 
Ch.8] a Semiclassical Volterra Theorem has been proved. There is still more work to 
be done with regards to applying the Semiclassical Volterra theorem to various types of 
potentials. An application of the Semiclassical Volterra theorem is the potential problem 
in considered in [lOj. 

The Volterra method will also be applied to the boundary value problem for the 
Schrodinger equation. The double-layer Schrodinger operator will be shown to be 
bounded from a suitable space of functions defined on the boundary / x dU to itself. 
At this stage, the boundary value problem remains unresolved. 
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